The literature on the theory of the photothermal imaging of single nano objects is reviewed. Several models have been devised to describe the signals magnitude, phase and shape in dependence on the experimental and sample parameters (particle position and optical properties, laser beams and their offset, modulation frequency, (thermo-)refractive coefficients, thermal constants). The benefits and limitations of these models are summarized allowing the proper choice of a framework for future investigations using photothermal microscopy of single absorbers.
Introduction
Photothermal microscopy has found its way into the standard repertoire of methods aimed at the investigation of the optical properties and specifically the absorption cross-section of single nano objects. The thermal wave further allows the assessment of thermal transport and phase-transitions on the nanoscale in the hostmedium and potentially the particle itself. A growing number of studies use this highly sensitive and selective method already, see for instance the recent review article by L. Cognet [2] . Recent experimental progress includes the detection of single molecules, quantitative ab-initio spectroscopy [13] and superresolution photothermal microscopy utilizing non-linearity [7] or pupil filters [23] .
The first attempt of a description of the signal was already made in 2006 by the same group which invented its most sensitive variant, the so-called photothermal heterodyne imaging. In this scheme, a modulated pump beam is focused onto the nano object whereby a thermal lens n (r, t), eq. 1, is created in the embedding material.
n (r, t) = n 0 +∆n R r 1 + exp − r R th cos Ωt − r R th .
(1) The contrast ∆n = (∂ T n)P abs /4πκ of the thermal lens is determined by the absorbed power P abs , the embedding mediums' heat conductivity κ and the pump beam's modulation frequency Ω. Together with the mediums' heat-capacity C per unit volume, the latter parameters also determine the exponential decay length * Corresponding author: markus.selmke@gmx.de R th = 2κ/ΩC of the thermal diffusion wave field. The absorbed power is determined by the spatial intensity of the pump laser at the particle position r p and the particle's absorption cross-section P abs ≈ I h (r p ) σ abs . A second laser which is co-aligned with the pump-beam, possibly offset axially by −∆z f , probes the thermal lens. Either the transmittance or a reflected part of the probe beam is then imaged onto a photodiode where the relative signal ∆P d (t) /P d is recorded. A lock-in detection allows for an effective background reduction and the high selectivity towards absorbers in an otherwise scattering environment. If the modulation frequency is moderate such that the lens is unscreened over the extent of the probe laser, i.e. R th (Ω) ω 0 , the ideal thermal lens may be assumed for a theoretical evaluation of the signal, n (r, t) ≈ n 0 + ∆n
i.e. a modulated long-ranged 1/r profile. In this article we summarize the progress which has been made in the fundamental understanding of the signal. Firstly, we show that only those models which explicitly consider a focused beam are able to give an accurate account of the interference phenomenon. An energy-redistribution of the probe-beam is essential to the PT signal, and as such must be considered. Accordingly, a dispersive signal as a function of the axial placement of the particle in the focus is found, and thereby a vanishing signal occurs if the probe beam is focused directly onto the thermal lens, whereas a maximal signal is attained for some probe-beam offset of about one Rayleigh-range. Secondly, we conclude that a purely Macroscopic thermal spectroscopy variants methods [9] : a) Photothermal deflection (mirage) spectroscopy (coaxial and lateral) which probes the gradient ∇n [1] . b) Thermal lens (TL) spectroscopy which probes the curvature ∂ 2 n/∂r
. c) Photothermal interference spectroscopy which is sensitive to a phase advance ∆χ = k nds. These techniques use thin macroscopic samples and weakly focused beams and the signal is proportional to the induced refractive index contrast ∆n. Experimental setup schemes for thermal lens microscopy, PT DIC and PT lens microscopy [3] : d) PT differential interference contrast (PIC) microscopy due to M. Orrit and co-workers [16] . e) PT heterodyne imaging introduced by B. Lounis and co-workers [6, 19] . The forward channel is an extension of the thermal lens microscope by M. Harada and T. Kitamori [4, 5] .
interferometric interpretation is only applicable for PT microscopy in the high-frequency limit R th λ. Otherwise, it misses the long-range character of the thermal lens signal in situations where the signal is maximal. Then, both scattering and interference contribute on equal footing to the observed linear dependence on the heating power. Their concurrent role testify the intrinsic character of a lensing action which lies at the heart of PT microscopy. Thirdly, the maximum attainable signal will be shown to scale with the refractive index contrast that is induced, i.e. with a quantity ν ∝ ∆n. All three conclusions are in accordance with macroscopic thermal lensing spectroscopy methods and appear quite natural. However, the current literature is at odds with several of these observations. The signal in the backwards direction appears to follow the forward transmitted signal apart from an overall amplitude factor determined by the retroretlecting interface. This suggests the same lensing mechanism at work such that this article will concentrate on the transmission detection scheme.
The following models have been proposed: A) Heterodyne imaging theory [19, 22] B) Equivalent dipole model [20, 24] C) Generalized Lorenz-Mie theory [13, 14] D) Photonic Rutherford scattering [26, 27] E) Fresnel Diffraction [14] / PIC [15] F) Gaussian ABCD method [25] Their capabilities, benefits and limitations regarding the evaluation and characteristics of the relative PT signal, eq. (3), shall be given.
wherein ∆P d is the change in transmission upon heating via the pump laser beam. The signal will have two components, one of which is in phase (Φ cos ) with the heating and another which is out-of-phase (Φ sin ). The expression Eq. (3) thereby decomposes into two terms. The absolute value of the signal reads Φ = Φ 2 sin + Φ 2 cos . In the forward detection scheme, the transmitted power is collected up to an angle θ max = arcsin (NA d /n 0 ) determined by the collection objective's numerical aperture NA d and the embedding medium (assuming a dry objective). The illumination objective in turn influences the spatial profile of the incident probe and heating fields.
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The equivalent Dipole model (A)
The tempting conceptual similarity to the scattering by a single point-like dipole was suggested [20, 24] to provide an explanation of the PT signal via a purely interferometric mechanism. Along the lines of scattering by a perturbation in the dielectric constant = 0 n 2 which acts as an induced dipole-source [8] of strength
the forward signal would then correspond to the interference of the radiated dipole-field with the incidence beam. Such a treatment is expected to be valid for high frequencies such that the scatterer is small, i.e. for R th (Ω) λ. This is the Rayleigh limit. It provides a qualitative description of the signal-to-noise ratio for the backwards detection scheme [20] . Building up on these ideas, a brief derivation of the transmission signal in the narrow forward direction shall be given for an induced dipole [18] .
The resulting interference signal for transmission is
, which may be evaluated for a Gaussian beam. For the strict forward direction the evaluation simplifies considerably. In a beam-waist centered coordinate-system the electric field amplitude of the incidence beam is:
with the wave-vector k = n 0 2π/λ, Rayleigh-range z R = kω 2 0 /2 and beam-waist ω 0 . The Gouy phase φ G = arctan (z p /z R ) is contained in the exponential prefactor. In the far field and on the optical axis this amounts to the following field, now written in a particle centered coordinate-system (z p > 0 corresponds to a particle behind the beam-waist in propagation direction):
The induced dipole moment depends on the gaussian beam's field amplitude E i (0, z p ) at the position of the particle, i.e.
such that in the near-forward direction the interference with the radiated dipole far field (kr 1) E s → k 2 /4π (ê r × δp) ×ê r exp (−ikr) /r can be evaluated. It should be noted, that it is at this point that one could come to the conclusion that the signal should be proportional to n 0 δn, as concluded in the first theoretical work of S. Berciaud et al. [19] and other works [20] . Incorporating the focused beam and the effective polarizability α n = 2n
0 δnδV , however, we find for the interference signal [18] 
which is valid for the assumed single effective dipole of real-valued polarizability. For some fixed offset z p = 0 the signal is non-zero and proportional to Φ ∝ δn/z R ∝ ∆n/n 0 . This is the optical contrast that must be the signal-determining quantity for a lensing / interference situation. It should also be noted that this behaviour is typical for thermal lensing, see the book of Bialkowski [9] . The maximum signal attainable, in any model for that matter, occurs at a finite offset z p ≈ z R and is proportional to the perturbation max (Φ) ∝ ∆n ∝ [∂ T n] /κ itself. This could be called the photothermal figure of merit characterizing the embedding medium, cf. [20] . These proportionalities remain for arbitrary collection angles and underlying dipole distributions (thermal lens profiles). Since the above treatment will only be valid for high frequencies at which the modulated refractive index perturbation decays exponentially with R th λ, the quantity δnδV in Eq. (8) may be approximated via ∆n (r, t) dr = 2πR∆nR 2 th sin (Ωt), where the integration is over all space and using the instantaneous thermal lens Eq. (1) at some fixed time t. One finds [18] :
As a result, this model predicts a decay of a signal which is out-of-phase Φ ≈ Φ sin and ∝ Ω −1 , a result found early for plane-wave interference [19] . The above result gives a good quantitative approximation for the near-forward signal. For finite collection angles the signal decays to zero over an angular range of twice the probing beam's angle of divergence θ div [17] . However, extrapolating the recorded signal to θ max /θ div 1 allows the quantitative comparison to the above Eq. (9) .
The dispersive signal shape may be understood as characteristic feature for an object which redistributes the energy flux of the probe-beam. Even for larger detection apertures, the signal remains dispersive. However, for increasing collection angles the magnitude decreases monotonically. For collection angles larger than twice the beam's angle of divergence, θ div = 2/kω 0 , the signal vanishes, indicating that the energy is only redistributed in the forward direction due to interference and a complete collection then results in a zero signal [17] . A similar dispersive signature is also found for a lens of focal length f , where the signal reads φ = 2z p /f . The details of the dispersive shape depend on the mechanism of the redistribution itself. The ideal thermal lens will behave as Φ ∝ ∆n arctan (z/z R ) instead, also showing a zero-crossing. The discussed limitation of this model to high frequencies prevents a simple extension to the quasi-static scenario of high refractive contrast. Indeed, the signal magnitude is larger for the in-phase contribution at moderate or low frequencies where R th ∼ λ which the model cannot describe. For larger decay lengths, the full thermal lens must be regarded either as a large (Mie-)scatterer (see model C) or as an extended distribution of dipoles (see model (B)). The transition between both regimes and thereby the transition
is smooth. Both axial functions agree up to second order in the relative displacement.
Regarding the effect of the central NP, the nonlocal character of the particle's dependence of its complex polarizability α on the refractive index of the surrounding thermal lens will lead to both in-phase and out-of-phase contributions. Using the general interference expression in Eq. (8) , it may be checked that the ratio of the changing NP interference due to |∂α/∂n|∆n ∼ |α|∆n and the direct PT signal due to the lens is about ∼ Rω (37)). Therefore, only at high frequencies with R th (Ω) ∼ R will this indirect PT signal due to the modulated particle interference occur.
Photothermal Heterodyne Imaging (B)
The first insightful theory on the details of the signal generation process in PT microscopy was given using the notion of a fluctuating medium following the work of J.B. Lastovka. The scattered field is then found from a vector Hertz potential utilizing a polarization density which is proportional to [∂n/∂T ] /n 0 , see loc. eq. (2) and (6) of Ref. [19] . Equivalently, one may consider the vectorial Born approximation, where the effective induced dipole moment density is dp/dV = d E i = 2 0 n 0 ∆n (r) E i . The radiated fields of such an extended distribution of dipoles interfere with the incident beam. However, it suffices to consider the scalar scattering scenario in the Born approximation instead to capture the interference characteristics.
The inhomogeneous Helmholtz equation for the field amplitudes,
may be rewritten as a scalar homogeneous HE with a source term,
F (r) ≈ −kν 2π 1 r + exp (−r/R th ) r cos Ωt − r R th (11) with ν = −kR∆n/n 0 and terms of order ν 2 have been neglected. In the BA the total scalar electric field is decomposed into the sum of an incident plane wave with a medium wave-vector of magnitude k = k 0 n 0 and in the z-direction, and a spherical scattered wave according to
The amplitude of the scattered spherical wave is related to the scattering potential. For a spherically symmetric scattering potential, the absolute value q = 2k sin (θ/2) of the momentum transfer vector determines the scattering amplitude in any direction specified by the polar angle θ:
The first order BA approximates the total field inside the scattering potential region by the unperturbed incident field. For the thermal lens, and expanding the cosine in eq. (11), one finds [18] 
From the literature on Coulomb scattering, it is known that the scattering amplitude eqn. (14) for the unmodulated background scattering potential is indeterminate in the BA. However, using an exponential Yukawa-type screening and considering the limit of an unscreened potential only after the amplitude evaluation, the following value may be assigned to it:
Already at this point it becomes clear, that a plane-wave treatment of the thermal lens is problematic although a plane wave well approximates a Gaussian beam near its focus. Intrinsic to this treatment is the neglect of the Gouy phase and the local character of the probing. The interference of an induced dipole with a focused beam as carried out above illustrates their importance vividly. In Ref. [19] , however, the evaluation of the interference signal was suggested to be tantamount to the inclusion of a factor [1 + cos (θ)] in evaluating the farfield interference. The same difficulties remain in the time-modulated part of the scattering amplitude even if one accepts this reasoning. For this we consider the analytical integration in the entire forward angular domain, and normalize accordingly by 3|U 0 | 2 /2, i.e.
Similar expressions are obtained in the backward direction. The above expressions reproduce the numerical results of what is claimed to be the frequency dependence of the PT signal in Ref. [19] . Also for finite collection angle the behaviour remains, although shifted along the ordinate. It is seen, that the in-phase forward signal diverges logarithmically as Φ cos → −8ν ln (kR th ) /3 and the out-of-phase signal saturates in the quasi-static limit of moderate or low frequencies where the signal becomes large. These are artefacts due to the assumed plane-wave probing of a problematic infinite potential. For high modulation frequencies (R th λ) the dependence of the in-phase and out-of-phase contributions are Φ cos ∝ −νk 4 R 4 th and Φ sin ∝ −νk 2 R 2 th , respectively. The correct behaviour of the in-and out-of-phase signals, e.g. obtained in the GLMT model, systematically differs from these predictions and agrees with experiments, see Fig. 4 . Only the decay of the absolute value Φ ∝ νk 2 R 2 th ∝ 1/Ω of the signal for intermediate frequencies happens to agree for both models. Measurements support the GLMT result and indeed show a peak of the out-of-phase signal for R th (Ω = Ω p ) ≈ ω 0 . This fact can be used to determine the thermal diffusivity κ/C of the embedding host material for a known beamwaist via the peak frequency, i.e. κ/C ≈ Ω p ω 2 0 /2 [18] . A very similar protocol has recently been proposed by N. J. Dovichi et al. using a square-pule modulation to image thermal diffusivities via bulk-absoption with a spatial resolution of a few µm [21] . The resolution of the thermal diffusivity determination via point-like heat-source is likely also determined by the probe beam waist.
Realizing the inadequacy of the plane-wave formalism for the PT signal for focused beam probing, it appears not very cogent to assume that the backwards signal is correctly described in this model. Unfortunately, so far no coherent quantitative model has been developed for the backwards detected signal.
Returning to the forward signal, an exact treatment of unscreened scattering potential Eq. (11) is possible and avoids the previously mentioned divergencies. This ansatz leads to the model termed "photonic Rutherford scattering", described in detail in section 5 (model D). In combination with the wave-packet formalism this al- lows a correct description of the signal. Such a correct treatment yields a zero signal for the case assumed here, namely a particle placed in the focus. In contrast, no axial dependence of the signal is contained in Eq. (18) and a finite signal is expected. Notably, the plane-wave solution Eq. (13) at finite frequencies can be used to describe focused beam scattering [22] in a plane-wave expansion of the probing beam, see the comment in that section. The vectorial character of the incident beam doesn't change these peculiarities. The scattered field of a vectorial electromagnetic plane wave with a polarization vectorê 0 is connected to the scalar amplitude via
. Unfortunately, the interference signal cannot be inferred from the above scattering amplitude, say via an effective polarisability α n = 4πf
The Gouy phase shift plays a crucial role for focused beam interference and is not included in the evaluation of the scattering amplitude via eq. (14) . An extension of the Born approximation to include these effects, avoiding the singularity in the forward direction via the inclusion of a focused beam, is not likely to be simpler than the rigorous GLMT model disused next.
Generalized Lorentz Mie theory (C)
The most accurate description of the PT signal can be achieved by considering the exact solution to Maxwell's equations for a focused beam scattering. The thermal lens itself can be treated as a (finely) multilayered scatterer, including the heated nanoparticle in its center. As such, the model represents a quantitative description and readily includes finite particle-size effects, the frequency-dependent full thermal lens, aberration effects, pupil-filter effects [23] , and lateral and axial foci offset and dependencies on the collection angle. The GLMT provides the electromagnetic fields and total cross-section. To evaluate the transmission signal in PT microscopy, it is necessary to consider fractional cross-section. To find these, the time-average of the radial component of the total field's Poynting vector S t = E t × H t of the total electromagnetic field E t = E i + E s is thus evaluated in the far-field (kr 1) to find the detectable power contained within a polar angle domain [θ min , θ max ]:
In the language of GLMT theory, the scatterer is placed at the origin while the beam is offset by −r p . The above expression therefore implicitly depends on the particle coordinate r p . Analogous to the Lorenz-Mie theory, the power is decomposed into three constituents according to 
Herein, the usual total cross-sections appear and the flux of the incidence beam cancels out between the forwards-and backwards direction. The absorbed power,
and thereby the locally induced refractive index perturbation ∆n, is thus conveniently included in such a computation. The introduced fractional cross-sections can be found in Refs. [13, 14, 17] . As the GLMT is capable of including non-axially positioned probe and pump beams as well, the axial resolution of the PT signal may be studied within this model, beyond the weak scalar diffraction limit discussed in [15] . Aberrated beams and finite particle sizes may also be considered such that an exact signal quantification is reachable even under realistic experimental conditions using high numerical aperture objectives, see Fig. 5a -f). Certain details of the signal which are connected to the finite size of the central particle can only be modelled with this approach as it is currently the only model which includes both the central particle and the thermal lens. For instance, a finite contribution of a modulated scatterer causes a small offset of the zero-crossing of the PT signal even for ideal symmetric beams, see Fig. 5e ,f). For moderate frequencies with R th /ω 0 1 it suffices to assume a modulated ideal thermal lens n (r) and therefore to evaluate the PT signal as the difference between the transmission signal of a bare nanoparticle and a nanoparticle surrounded by a thermal lens.
A two-lobed axial structure Φ (z p ) characterizes the PT signal shape. While present already in early PT experiments [16, 24] , a detailed study was first done in Refs. [12, 13, 25] . The axial signal dependence mirrors that of a probing beam which passes a lens and is collected using an aperture. This indeed corresponds to the situation in PT detection in transmission. In addition to the simple notion of a product of the focal intensity distributions of both lasers, the signal shape is thus found to possess a zero-crossing around the particle location as a result of the lensing. As a further consequence of the thermal lens acting as a large transparent Mie scatterer, the forward lensing signal increases linearly with the refractive contrast σ sca (∆n) − σ ext (∆n) ∝ ∆n although its individual constituents σ sca,ext (∆n) vary nonlinearly. The significance of the scattering contribution and the non-linearity grows for increasing collection angles. It is only the total change in transmittance due to scattering and interference together, which is linear in the perturbation. The same can be found for transparent microspheres which act as lenses on a probing beam and represent the limiting case of macroscopic lenses. If the frequency-dependence shall be considered explicitly, the full time-like evolution of the detected power P d (t) must be evaluated over a time-interval T = 2π/Ω corresponding to the period of heating. The relative transmission P d (t) /P inc accordingly varies over one cycle. The corresponding in-phase rel. PT signal Φ cos and the out-of-phase rel. PT signal Φ sin may then be obtained via
The result of such a computation provides a quite different picture than the problematic plane-wave treatment in the Born approximation. While both predict a decay of the absolute value of the PT signal according to kR 2 th , the composition is quite different. Also, only in the GLMT framework a saturation of the signal is found for kR th → ∞, due to the finite probe beam size. Further, for very short-ranged thermal lenses with kR th 1, only the GLMT reveals a saturation at an in-phase signal which accounts for a modulated particle scatterer in an effectively modulated environment refractive index. Both predictions and their comparison the the absolute value are shown in Fig. 4 .
The resolution of the PT microscopy technique may be estimated by its detection point-spread function, that is, via the characteristic widths of a signal scan Φ (x p , z p ) across a point-like absorber. The GLMT allows to predict this quantity and may also be used for pupil-filtered illumination. Recently, a resolution enhancement was found using an annular pupil filter [23] .
Photonic Rutherford scattering (D)
In this model the photothermal effect on the propagation of the probe beam is framed in an analogy to Rutherford scattering. It formalizes the apparent similarity which may be anticipated from the functional dependence of the refractive index profile of the ideal thermal lens, where ∆n (r) ∝ 1/r. As such, the framework naturally exposes a deflection phenomenon which is intrinsic to any PT measurement. The model also provides a near field picture of the thermal lensing effect on the focused probe beam and may be applied to give quantitative results as well. The Helmholtz equation (10) may be solved analytically [26, 27] for the scattering potential F to linear order in the perturbation ∝ ν = −k∆nR/n 0 and the ideal thermal lens eq. (2).
The solution to the resulting differential equation under the assumption of an incident plane wave was given by W. Gordon in the context of the wave-mechanical description of Rutherford scattering,
with 1 F 1 and Γ denoting the confluent hypergeometric function and the gamma function, respectively. Again, the solution represents the total field including the incidence and the scattered field. In the forward direction the amplitude is finite and approximately equal to |U
Rather than a diverging forward scattering amplitude as for plane-wave scattering, the forward amplitude disturbance is −πν. As we will see, it is this forward interference which determines the PT signal even in case of a focused beam, where it is smeared out to the angular domain of propagation determined by the beam's angle of divergence θ div = 2/kω 0 . Thus far, the signal appears linear in ν instead of the refractive index contrast. Again, the correct dependence will emerge only after the inclusion of a focused beam probing. Here, a focused beam may be implemented by assuming an incident wave-packet U 
Using the above formalism the near-field structure of the photothermal signal becomes accessible and the characteristic energy redistribution close to the particle may be seen to be responsible for the far-field signal. A quantitative analysis of the far field PT signal can be done by considering integrated differences in relative changes of intensities, i.e. in analogy to the evaluation of the signal in the diffraction framework, eq. (37). The results agree in the paraxial limit corresponding to moderate focusing and are in concord with the rigorous GLMT model as well, see the supplement of Ref. [26] . The effect of finite modulation frequencies beyond the quasi-static limit can be incorporated in a similar manner. Using the plane-wave scattering results on the full thermal wave, Eq. (13), a plane-wave decomposition may be used to construct the harmonic contributions to the PT signal for any shaped / focused beam along the lines shown above. Using this approach, the optimal detection numerical aperture can be determined at any frequency [22] . As a consequence of the energyredistribution [17] , the detection aperture should always be taken to be smaller than the illumination aperture [14, 22] such that the lensing signal is efficiently detected and the signal-to-noise ratio is optimal.
a. Classical limit and beam-centroid deflection It was shown that the wave packet which represents the focused beam exactly follows the classical Rutherford trajectories in the proper limit. This classical limit of geometrical Rutherford scattering corresponds to the parametric ray solution to Fermat's least optical path principle
with the stepping parameter s along the ray. For weak and ideal thermal lenses of the form (2), hyperbolic ray trajectories r (φ) solve the above differential equation:
in polar coordinates. Herein, the appropriate sign ±1 = −ξ/|ξ| is determined by sign of the interaction strength in ξ = k/ν = −n 0 /∆nR, which appears here in a wavelength independent combination and is taken to be weak (bξ 1). The full solution contains a further perturbation parameter, see [27] . The ray was assumed incident with a distance to the optical axis of b. A corresponding deflection by an angle θ d = 2φ 0 − π determined by
occurs, even for a highly focused beam for off-axis illumination under typical experimental conditions, as shown in Ref. [26] . However, unless purposefully detected by a position sensitive detector, predominantly the lensing will be responsible for the transmission change and thereby the PT signal. In general, however, referring to the classical spectroscopy variants, one may expect both the lensing and the deflection signal to be of the same order of magnitude [1] . The ray description proves to be particularly useful when combined with the methods of Gaussian beam transformation optics, see Sec. 7.
Fresnel diffraction / PIC (E)
In photothermal interference contrast microscopy it is directly the phase-shift which is used for imaging of absorbers [16] , see Fig. 1e ). A first investigation of the induced phase-shift due to a thermal lens was done in Ref. [15] in the thin phase-grating approximation. The time-dependent thermal lens n (r, t) may then be approximated as a sphere of constant index of refraction, whose size is estimated via ρ th ∼ R th . The probing beam has to propagate through this region in which the averaged refractive index change is taken to be constant at ∆n ∼ ∆n. Together, these estimations are used to provide a crude approximation for the accumulated phase-shift through this hypothetical phasesphere, ∆χ ∼ kρ th ∆n, which is maximum if the particle is in the focus. These considerations already show that the induced refractive index change is small and typically in the order of some ∆χ ∼ 10 −4 rad [15] . Elaborating on this notion of the thermal lens as a phase-modifying element, a quantitative model was formulated for the PT signal in the direct transmission detection scheme, see Fig. 1d ). While the following discussion is thus tailored towards the single beam probing and its self-interference, the method is likely to be applicable in the PIC detection scheme as well. The thermal lens will now be taken to be the ideal TL n (r) which is of infinite spatial extent. An analytic solution to the PT signal can then be found in the paraxial limit of a weakly focused probing field [14, 26] . Thereby, the signal magnitude along with its axial position and angular dependence will be accessible. The approximation involves the assumption of a Gaussian beam and the Fresnel-diffraction integral, which both represent a solution to the paraxial scalar Helmholtz equation. In the language of diffraction, the TL then acts as a variable phase mask. The scalar field amplitude U (x, z) in the image-plane located at a distance z behind the apertureplane is given by the following diffraction integral:
Herein, U a (ρ, z p ) is the beam field in the aperture-plane at z = 0, centred arbitrarily at the position of the particle (therefore depending on the particle coordinate z p ). The function A = exp (i∆χ ν ) represents the radially symmetric variable phase mask which encodes the TL placed on the optical axis. The solution, U , may be identified with the x-component of the total field amplitude E i + E s . It therefore embodies the incidence, scattering and interference contributions at the same time. In a straight-ray approximation, the resulting collected kind of lens phase ∆χ
thin spherical lens −k0n0 ρ 2 2f Table 1 . Transmission functions for the thermal lens and for lenses of constant index of refraction.
phase advance ∆χ ν for the ideal thermal lens yields
where additional constant phases were discarded. The travelled distance L in front and behind the TL was assumed to be large as compared to the contributing radii ρ in the integration. This is ensured by the exponential decay of the illuminating aperture field U a . However, as it turns out, this is not even necessary. In fact, considering a plane-wave illumination in the diffraction integral, U a → 1, the exact solution U kẑ C , eq. (26), to the full Helmholtz equation as encountered in photonic Rutherford scattering, is recovered up to a logarithmic phasefactor [26] . Also, the thermal lens is seen to exhibit a special kind of radial dependence which is quite different from a spherical lens. This quantifies the spherical aberrations of the ideal TL, see Table 1 . In the case of a Gaussian beam we can now write for the rel. PT signal Φ on the z-axis, using Eq. (31):
to first order in O (ν). The result reduces to the limiting value Φ → −πν for plane-wave incidence, which coincides with the exact forward amplitude of an incident plane wave. Note that arctan() is not resulting from the beam's Gouy-phase, which cancels out in Eq. (37) . Instead, it is the result of the specific phase-shift for the long-ranged TL profile. Again, for some fixed small offset z p = 0 the signal is non-zero and proportional to Φ ∝ ∆n/z R ∝ ∆n/n 0 , i.e. the optical contrast. b. The angular signature of the PT signal Using the Fresnel diffraction integral also the angular pattern Φ (θ, z p ) of the PT signal for on-axis probing may be found [14] . For a probing beam positioned behind the lens (z p < 0), the angular pattern shows a peak towards the center and an annular dip at larger angles. For the case of a probing beam being positioned in front of the lens (z p > 0), the angular pattern simply changes its sign, relative to the previous scenario. These principal features resemble those which are found in thermal lens spectroscopy of macroscopic samples, although the thermal lens geometry is then cylindrical. Overall, the energy of the probe beam is redistributed by the action of the lens, i.e. an integration of Φ (θ, z p ) sin (θ) from 0 to π/2 gives zero. The pattern of this energy redistributions is consistent with the to the notion of a broadened beam, whereby the angular pattern would be the difference of two Gaussians, as put forward in the ABCD model in section 7.
From the angular pattern one can determine the total detected photothermal signal for a finite angular detection domain via an integration,
which again, as in section 7, depends on the beam's angle of divergence through the reduced quantity ϑ r (θ) = 2 tan 2 (θ) /θ 2 div . Both, the angular pattern of the PT signal and consequently its integrated value for finite detection angles agree with those found using the rigorous GLMT formalism (see Fig. 7 ) .
c. Interface effects The Diffraction method is wellsuited to analyse the effects due to a plane interface near the single absorber. To this end, one may use the solution to the heat equation for a point-like heat source placed at a hight d above an interface [31] . As it is based on the method of images, the result is framed as the sum of point-sources, allowing analytic progress in analogy the the previous discussion.
where the upper und lower lines corresponds to the two half-spaces with z ≥ 0 and z < 0, respectively. Here, the refractive index contrast ∆n = (∂ T n) P abs /4πκR assumes a homogeneous medium, and N = ∂ T n S /∂ T n is the ratio of the thermorefractive coefficients of the support material and the embedding medium. Further,
2 is the squared distance of point r = (ρ, z) to the actual heat source placed at (0, d), and • and for zp = {0.01zR, zR, 2zR, 3zR}, normalized to the forward direction.
is the squared distance of the same point to the image heat source situated at (0, −d), see Fig. 8 . The computation of the signal via the diffraction integral eq. (31) requires the total phase advance ∆χ ν = ∆χ 1 + ∆χ 2 + ∆χ 3 , which is now the sum of three terms each computed analogously to eq. (32) with the proper limits.
The accumulated phase in the straight-ray approximation, again up to constant terms, amounts to ∆χ ν (ρ) = 2ν eff ln (ρ) + 2ν ln
with the rescaled strengths related to ν = −kR∆n/n 0 The rel. PT signal on the optical axis is then:
with the abbreviation ς (z, z p ) = 1/ω 2 (z p ) − ik/ [2R C (z p )] due to the input Gaussian beam field. A similar expression may be found for finite numerical aperture. For a source situated directly on the interface the expression for the rel. PT signal simply becomes
with the effective strength parameter ν eff
The rel. PT signal in the general situation is bounded by the extreme values for zero and infinite heat-source distance d, i.e. the rel. PT signal obeys the inequality
The transition between these cases is smooth and naturally scales with the beam-waist ω 0 , which can be seen upon inspection of the integrand in eq. (37) . The transition is shown in Fig. 8 . The transition as a function of d/ω 0 is insensitive to the ratios κ/κ S or N and only weakly sensitive to a probing offset |z p | ∼ z R . The analytical diffraction model may also be applied to a situation where an interface of finite thermal interfacial conductance is nearby. The thermal lens may again be expressed by point-like image sources, although continuous in this case [30] . 
Gaussian ABCD matrix transformation (F)
A powerful and intuitive analytical model of the PT signal has been put forward using ABCD Gaussian beam transformation optics [25] . Similar models have been put forward in thin slab thermal lensing spectroscopy. The difference rests in the symmetry of the thermal lens, which is cylindrically symmetric and approximately parabolic for the macroscopic variants, while it is spherically symmetric for the TL. Within the ABCD framework, ray-transfer matrices which encode the action of optical elements are used to transform Gaussian beams. Central to the evaluation of the relative PT signal is thus the identification of the proper optical element representing the thermal lens. A thin lens along with its transfer matrix M f = 1, 0; −f −1 , 1 fulfils this task satisfactorily. The results from the geometrical optics treatment of the thermal lens, i.e. the ray-solution to Fermat's principle given in eq. (29) , are then used to find an expression for the focal length of the thermal lens. However, the reason why this should not be expected to deliver perfect results are the dramatic spherical aberrations which characterize the thermal lens: The focal length of a macroscopic TL depends on the distance b of the ray to the optical axis,
. It varies quadratically with b and, consequently, diverges as b grows large. However, as a focused laser beam of finite extent probes this lens, large values of b are not realized. Assigning a reasonable estimate of an effective squared impact parameter b 2 eff = ω 2 (z p ), one finds an agreement around z p = 0 with the paraxial solution in the diffraction model (37) . For a Gaussian beam located at a distance z p relative to the position of the TL the effective focal length f eff should then follow
The strength of the TL as experienced by the probing beam is inversely proportional to the focal length and thus directly proportional to the refractive index contrast ∆n/n 0 . For the common case of materials with a negative thermorefractive coefficient ∂ T n < 0 the focal length is negative, signifying a divergent lens. Using a concatenation of ray-transfer matrices to model the situation in PT microscopy, and transforming the Gaussian beam parameter of the probe beam one finds the far field beam waists
for the lenses and non-lensed probe beam. The resulting signal may be inferred from these assuming that the onaxis signal scales with the inverse beam waists squared, i.e. taking Φ = ω −2
On intuitive grounds, this is probably the most cogent argument why the contrast ∆n/n 0 must linearly enter the PT signal at a fixed position of the probing beam waist. This conclusion is not corrupted by the neglect of the spherical aberrations or the full time-dependence which add to the details of the (thermal) lens as the corresponding calculations show. Considering a timedependent focal length, the above expression may be generalized to provide the signal's frequency behaviour via the demodulation of the focal length at some fixed distance as
with a similar expression for the in-phase component, i.e. analogously to eq. (23) and (24) . Returning for now to the resulting PT signal for low modulation frequencies, one obtains:
(43) The signal is seen to equal the product of the two beam's intensity profiles along the axial direction, which are Lorentzian in shape and possibly offset by ∆z f , and the scaled axial coordinate z p /z R . Despite the appearance of the Lorentzian probe beam profile times the axial coordinate instead of the inverse tangent found in the paraxially correct expression, Eq. (38), the current expression Eq. (43) satisfactorily describes the signal magnitude and trends, see Fig. 10 . Indeed, both expressions coincide up to second order in the beam displacement. Also note that the maximum signal again scales with ∆n in the final expression (43) at some offset z p ∼ z R .
d. frequency dependence for R th /ω 0 1 The full time-dependent thermal lens at any frequency Ω and moment in time t can be used to numerically find the focal length f (t), which in turn may be used to find the in-and out-of-phase PT signals via Eq. (42). In polar coordinates, the azimuthal component of Fermat's b) a) equation (28) shows the conservation of what can be referred to as the optical angular momentum. For each ray incident with an impact parameter b it reads L z = r 2 φ = n 0 b. An integration the second equation in (28) can then be done, using r = dr/ds = φ dr/dφ:
where φ 0 and r m are the angle and radius of closest approach, respectively. The latter one can be found by numerically solving r 2 m φ 2 = n 2 (r m , t), since r = 0 at r = r m . A numerical integration then provides the resulting deflection angle θ d (t) = 2φ 0 (t) − π, replacing Eq. (30) for the ideal TL. It defines the ray's outgoing asymptote and thereby determines the effective focal length for each impact parameter,
The results of an evaluation of Eq. (42) and Eq. (44) for n (r, t) as in Eq. (1) are shown in Fig. 9 . For impact parameters larger than the decay length, R th /b 1, the time-dependent thermal lens is then equivalent to the ideal TL n (r) = n 0 + ∆nR/r. Indeed, the focal length closely follows the photonic Rutherford scattering result (f ξ = −1/2 1 + b 2 ξ 2 ) in this regime, see the upper black dashed line in Fig. 9a ). For impact parameters smaller than the decay length, R th /b 1, the focal length approximately varies over time between nearly zero and the value corresponding to an ideal lens of twice the strength, see the lower black dashed line. Curves corresponding phases Ωt and 2π − Ωt merge to a single one for very small values of bξ R th ξ. This reflects the fact that the term cos (Ωt − rξ/R th ξ) in the refractive index profile Eq. (1) is then be equal in both cases, and therefore the experienced deflecting gradient close to the coordinate center will be equal as well. The corresponding rays effectively propagate through a similar refractive index profile which is close to a fully modulated ideal TL n (r) = n 0 + [1 + cos (Ωt)] ∆nR/r. The curve for Ωt = π shows a constant minimal deflection. The corresponding rays probe a refractive index profile for which the perturbation is canceled close to the center. The constancy of the focal length can be understood as a consequence of Snell's law for the rays impinging nearly perpendicular to the remaining perturbation at r ≈ R th : Considering Snell's law for a ray with an angle Ψ = arcsin (b/R th ) to the normal on the sphere of radius R th , where it may be though to experience a refraction by a discontinuity, one may write n 0 sin (Ψ) = [n 0 + ∆n ] sin (Ψ ) with ∆n = −n 0 /ξR th being the perturbation at r = R th . The deflection angle is then θ = 2 [Ψ − Ψ], which for small b/R th amounts to θ ≈ 2b/ξR th . This in turn leads to the constant value of f ξ ≈ R 2 th ξ 2 /2, see the horizontal red dashed line in Fig. 9a ). This value coincides with the focal length experienced on the ideal TL for b = R th , i.e. cot (θ/2) = R th ξ. The exact value is obtained for b ≈ 1.126R th . The curve corresponding to the phase Ωt = 0 (black solid) show the strongest lens and thus a minimal focal length, corresponding to a lens which is nearly completely modulated and at its maximum contrast.
Overall, the spherical aberrations of a weak thermal lens (bξ 1) deviate markedly from those of the ideal TL f ∝ b 2 only for R th /b ≈ 1. It is also in this regime where a significant out-of-phase behaviour in the inverse focal length and thereby in the PT signal, Eq. (42), appears. In fact, a maximum out-of-phase signal is found for R th ≈ 0.82b, see Fig. 9b ). The oscillations for larger impact parameters where R th /b < 1 occur at the extrema of the corresponding refractive index field wave sin (−r/R th ), i.e. at b/R th = [2n + 1] π/2 with n = 0, 1, 2, . . . , see the grey dashed-solid vertical lines in the figure. Similarly, the in-phase component shows local maxima for impact parameters b/R th = nπ such that cos (−r/R th ) is maximal, see the red doubledashed solid lines. The amplitude of both components follows an exponential decay, π 2/b 2 ξ 2 exp (−b/R th ), see the bent grey dashed line. Here, the factor π accounts for the average of cos 2 (Ωt). These oscillations could likely also be exploited to quantify the thermal diffusivity by an offset dependent measurement of the single particle Rutherford scattering microscopy signal using a quadrant or balanced photodiode. Note that this regime does not correspond to the high-frequency PT lensing signal [R th /ω 0 ] 2 which is a phenomenon of scattering in wave-optics outside the realm of geometrical optics.
Returning to the case of R th /b > 1, which is relevant for the conventional single particle PT signal at low frequencies, the power-law decay for of the outof-phase signal, here defined via Eq. (42), Φ sin ≈ π 2/b 2 ξ [R th /ω 0 ] −3/2 is thus seen as a remaining lensing phenomenon in the geometrical optics regime. The peak in the out-of-phase signal at R th ≈ ω 0 , found before in the rigorous GLMT framework, may thus be taken to correspond to the peak in Fig. 9b ).
Again one may consider an effective impact parameter close to the local beam-waist b ∼ ω 0 to find a semiquantitative approximation of both components of the photothermal signal at low frequencies. In fact, a good agreement was found [18] using b = ω (z R ) = √ 2ω 0 , i.e.
e. finite aperture dependence From Eq. (40), the angular structure of the PT signal, Φ (θ), is here predicted to be the difference between the original Gaussian beam and the modified Gaussian beam which is either collimated or diverged. These predictions agree qualitatively and semi-quantitatively with the observed trends.
In the current description the aperture dependence of the signal may still be estimated using the notion of a broadened probe beam. To this end, the far field Gaussian field distributions described by a beam waist, either transformed or not, should be integrated over the corresponding angular domain of detection. Using the results for the beam-waists and computing in the zeroth order in the small quantity 1/f eff , a focal-length and position z p independent probe beam characteristic function F is obtained which scales the on-axis signal. e ϑr(θmax) − e ϑr(θmin) .
However, the diffraction model (E) captures the details of the signal decay with increasing detection aperture somewhat better, see Fig. 10 .
PT microscopy involving phase transitions
A further model-system has been found in liquid crystal. These materials undergo phase-transitions and therefore provide a large change in their refractive index upon heating. Therefore, they may be used to enhance the photothermal signal [32, 33] . However, the pumping frequency Ω has been shown to be a crucial factor since the latent heat must be provided and transported away at the generated phase boundary, which is a process that occurs non-instantaneously [34] . Also, the optical scattering problem is no longer a simple thermal wave but also entails a discrete moving boundary and therefore a moving Mie-scatterer or ball-lens. The so-called Zharov splitting observed in bulk absorption PT microscopy is related to the complex behaviour of the liquid crystal's driven phase transition [35] [36] [37] .
Conclusion
In recent years photothermal microscopy has become a valuable tool in condensed-matter physics and plasmonics. By employing an approach which may be regarded as heterodyne, its detection sensitivity reaches down to single absorbing molecules. Modelling of the transmission signal in single particle photothermal microscopy allows to quantitatively assess absorption cross-sections of individual particles and thermal diffusivities of the surrounding medium. Mastering of the PT technique will establish it as a standard tool for the imaging and characterisations of particles and host-systems alongside the well-established fluorescence microscopy techniques.
